Abstract: We provide outstanding numerical evidence that in large-N massless QCD the joint spectrum of the masses squared, for fixed integer spin s and unspecified parity and charge conjugation, obeys exactly the following laws:
QCD for s even, m 2 k = 2(k + s 2 )Λ 2 QCD for s odd, k = 1, 2, · · · for glueballs, and m 2 n = 1 2 (n + s 2 )Λ 2 QCD , n = 0, 1, · · · for mesons. One of the striking features of these laws is that they imply that the glueball and meson masses squared form exactly-linear Regge trajectories in the large-N limit of massless QCD, all the way down to the low-lying states: A fact unsuspected so far.
The numerical evidence is based on lattice computations by Meyer-Teper in SU (8) Y M for glueballs, and by Bali et al. in SU(17) quenched massless QCD for mesons, that we analyze systematically. The aforementioned spectrum for spin-0 glueballs is implied by a Topological Field Theory underlying the large-N limit of Y M , whose glueball propagators satisfy as well fundamental universal constraints arising from the asymptotic freedom and the renormalization group. No other presently existing model meets both the infrared spectrum and the ultraviolet constraints. We argue that some features of the aforementioned spectrum of glueballs and mesons of any spin could be explained by the existence of a Topological String Theory dual to the Topological Field Theory.
Introduction and Conclusions
The main purpose of this paper is to provide outstanding numerical evidence that in 't Hooft large-N limit of massless QCD 1 the glueball and meson spectrum for fixed integer spin s obeys the following laws, exactly at the leading large-N order.
For glueballs:
for s even, and:
for s odd, with k = 1, 2, · · · in both cases. For mesons:
n are the glueball and meson masses of spin s respectively, and unspecified charge conjugation and parity, labelled by the internal quantum numbers k and n respectively, and Λ QCD is the QCD renormalization-group invariant scale in the scheme in which it coincides with the mass gap in the pure glue sector in 't Hooft large-N limit.
The numerical evidence is based on lattice computations by Meyer-Teper [1, 2] for glueballs and by Bali et al. [3, 4] for mesons, that we regard presently as the state of the art 2 of the subject of large-N lattice QCD, and that we analyze systematically.
Phenomenologically, it is observed that the meson masses squared form Regge trajectories approximatively linear in the angular momentum.
Field theoretically, it is believed that the glueball and meson masses squared form Regge trajectories asymptotically linear in the angular momentum for large masses.
1 By massless QCD we mean QCD with massless quarks. One of the striking features of Eqs. (1.1) is that they imply that the glueball and meson masses squared in large-N massless QCD form exactly-linear Regge trajectories, all the way down to the low-lying states: A fact unsuspected so far, for which we provide outstanding numerical evidence in Section 2.
Another striking feature is that Eqs. (1.1) refer to the joint spectrum for fixed spin, without specifying parity P and charge conjugation C. Thus the preceding equations do not identify uniquely any particular one-particle state occurring in the large-N limit, but rather they describe the joint spectrum with respect to the other quantum numbers P and C, without specifying the degeneracy for fixed spin in the glueball and meson sectors.
Yet, since no numerical evidence can substitute a theoretical understanding, we report here below the theoretical reasons that made us to suspect that Eqs. (1.1) hold exactly in the large-N limit.
Firstly, Eq. (1.1a) restricted to the glueball sector with s = 0, positive C and unspecified P , holds exactly at the leading large-N order in a Topological Field Theory (T F T ) underlying the large-N limit of pure Y M [5] . Obviously, the result extends to large-N QCD in 't Hooft large-N limit in the pure glue sector.
Roughly speaking the T F T describes [5] the ground state of the large-N one-loop integrable sector of massless QCD of Ferretti-Heise-Zarembo [6] . The ground state in the pure glue sector is generated [6] by scalar operators constructed by the anti-selfdual (ASD) curvature
Hence the T F T computes [5] correlators that couple to scalar and pseudoscalar glueballs of positive C. The correlators in the T F T factorize exactly [5] on the spectrum in Eq. (1.1a) for s = 0, without being able to resolve the parity of the states.
Besides, the chiral nature of the correlators in the T F T suggested us that the proper generalization of the s = 0 case should not specify other quantum numbers but the spin, in order to fill all the points of the spectrum predicted by Eqs. (1.1) without holes. Morally, this would occur should the points of the spectrum implied by Eqs. (1.1) arise as poles in correlators in the whole sector of Ferretti-Heise-Zarembo, including chiral fermion bilinears, that has a chiral nature [6] and that therefore cannot resolve the parity of the states that couple to the operators therein.
A relevant feature of the T F T is that it agrees sharply [5] Eq. (1.1a) predicts for the same ratios √ 2 = 1.4142 · · · . Besides, the glueball correlators of the T F T agree [5, 7] crucially with fundamental universal constraints arising by the asymptotic freedom and the renormalization group, as opposed to the correlators computed by means of the AdS String/Gauge Theory correspondence. Thus no presently existing model agrees both with the infrared and the ultraviolet of large-N QCD but the T F T [5] . For an analysis of all the implications of the T F T versus the AdS String/Gauge Theory correspondence see ref. [5] . For an analysis of the ultraviolet asymptotics of glueball propagators in massless QCD and in the T F T see ref. [7] . For theoretical foundations of the T F T see refs. [8] [9] [10] . For additional detailed computations see refs. [11, 12] . Secondly, were to exist a (Topological) String Theory (T ST ) dual to the T F T , some features of the whole spectrum in Eqs. (1.1) could be understood as well as follows.
By construction, i.e. by the exact duality, the T ST would reproduce the s = 0 case. Moreover, it is natural to conjecture that the slopes, differing by a factor of 2 between Eq. (1.1a) and Eq. The specific form of Eqs. (1.1) would be a dynamical feature of the T ST , but the integer or semi-integer character of the spectrum of the masses squared in units of a common scale squared should arise by its topological nature, since by construction the T ST would be the dual of the T F T underlying Y M .
We will work out elsewhere the spectrum of such T ST , in order to check our stringy conjectures, along the lines foreseen in section 14 of ref. [11] and in [14] .
Our conclusion, in addition to the main numerical evidence that is remarkable by itself, 4 The T ST dual to the T F T is essentially a theory of open strings, since the T F T describes twistor
Wilson loops supported on Lagrangian submanifolds of twistor space of non-commutative space-time [11] . Hence the dual topological string is the topological A-model on twistor space of non-commutative spacetime, that describes open strings ending on Lagrangian submanifolds of twistor space of non-commutative space-time according to section 14 of ref. [11] and [14] . is that the aforementioned evidence favors the T F T of Y M and indirectly the existence of a dual T ST as well, since no other presently existing model agrees [5] with Eq. (1.1a) for s = 0 in the infrared and with asymptotic freedom for glueball propagators in the ultraviolet, and globally with the actual glueball and meson spectrum as reported in Fig. 1 and Fig. 2 . Moreover, we urge the lattice gauge theory community to further confirm or falsify Eqs. (1.1).
Numerical Analysis
We start our numerical analysis by comparing the lowest mass glueball k = 1, s = 0 with the mass of the n = 2, s = 0 meson, in order to set a common Λ QCD scale for glueballs and mesons, since on the basis of Eqs. (1.1a) 
The result of the lattice computations relevant for this paper were summarized by the authors of ref. [2] and of ref. [3] in Tab. 3 and Tab. 4 respectively, that we reproduce here.
In fact, we get numerically from Tab. 3 [
and from Tab. 4
, where σ is the string tension measured in the lattice gauge theory, with the first ratio computed in SU (8) and the second ratio extrapolated to SU (∞).
We assume that the first ratio is accurately close to its large-N limit, as it is generally believed [13] . Indeed, under this assumption, the ratio Table 3 . The SU (8) glueball spectrum from ref. [2] .
Besides, we fit by means of a global look at Fig. 1 √ σ and we compute all the mass ratios in units of Λ QCD . We report the result for the ratios of glueball masses in Tab. 1, and for the ratios of meson masses in Tab. 2. The plots of the linear trajectories versus the observed states are displayed in Fig. 1 and Fig.2 .
For 10 of the 12 glueball states whose spin was identified in ref. [2] the actual difference between m Λ QCD and the ratio implied by the laws in Eqs. (1.1) is within about 1.5% or better, for the 3 ++ state it is within about 2% and for the remaining 3 +− state it is within 5%, but the 3 +− state has the largest estimated variance in Tab. 1, so that a 5% accuracy is still perfectly compatible.
In fact, the central values of the glueball mass ratios must be correlated much more than the estimate of their variance in ref. [2] implies, in order to explain such a good agreement with Eqs. (1.1) .
For the mesons the agreement with Eqs. (1.1) is slightly worse: Only 3% or better for 6 of the 10 states, including the pion that is exactly massless according to Eqs. (1.1), as it should be. However, the meson masses are obtained numerically by extrapolating to the large-N limit and to the massless limit but not to the continuum limit, that according to ref. [3] may introduce additional systematic errors on the order of 5%.
The ρ mass ratio agrees with Eqs. (1.1) only within 7%, but it may be more sensitive to the extrapolation to the massless limit, since the ρ meson is the lightest massive meson. By means of Fig. 1 and Tab. 4 we observe that the 3 most massive meson states would fit perfectly the Regge trajectory implied by Eqs. (1.1), were their spin shifted by 1 with respect to the spin attributed in ref. [3] . Otherwise, the difference of m Λ QCD for the aforementioned 3 meson states with respect to Eqs. (1.1) is on the order of 6% as it is seen in Fig 2, a fact still perfectly compatible with the 5% possible estimated additional systematic error in [3] . In any case their masses squared are semi-integer valued in units of 1 2 Λ 2 QCD within 2% accuracy or better, a fact quite remarkable.
Taking the square doubles the errors, but the global agreement of ( m Λ QCD ) 2 with Eqs. (1.1) is still impressive, within about 3% for 10 of the 12 glueball states and within about 6% for 6 of the 10 meson states. Above all our numerical conclusions follow simply looking at these plots.
